Calculus-I

Evolutes and Involutes

Curvature

Measure of bending is called curvature. It is denoted by K.

Radius of curvature is the reciprocal of curvature. It is denoted byp.

If equation of curve is:

ds
> s=frp=
2
2
> y=f(x)i.e.in Cartesian form: p = %
2

3
dx12 2\2
_x] + ﬂ]
dt dt
dxd?y dyd?x
dt dt?2 dtdt?

» x=f()andy = g(t) i.e. in Parametric form: p =

3
» r=f(0)i.e.inpolar form: p = ()
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» f(x,y) =ci.e.in Implicit form: p =

» Curvature of a curve at a point: Let P and Q be two neighbouring

points on a curve. Let arc PQ =s, where A is a fixed point on curve. Let i be



dy . .
angle made by tangent at P with x-axis. Then d—f is called curvature of curve at point

P.Thus curvature is defined as rate of turning of tangent w.r.t. arc length.

Centre of Curvature and Circle of Curvature: Let P(x,y) be any

point on the curve y = f(x) Let ¢ be angle made by tangent at P with x-axis. Let C be

point on positive direction of normal to the curve at point P such that CP = p. Then Cis called
centre of curvature to the curve at point P. The circle with centre C and radius p is called circle

of curvature at P.

P(xl(y)

Centre of curvature for the point (x, y) is [X, ¥] where

2 2 2
_ n(1+y) andy =y + (1+y1)’ v, =2 and y, =22

X =Xx
Y2 Y2 dx dx?



Evolutes and Involutes

The locus of centre of curvature of a curve is called evolute and the given

curve is called involute.

1. Find centre of curvature at any point (x, y) of the parabola y? = 4ax . also

find its evolutes.
Sol. The given curve is y2 = 4ax. Differentiating both sides w.r.t. x, we get

yields 2a
2yy1 =4a——y, =5

Again Differentiating both sides w.r.t. x, we get

2
d’y _45) _ —2ady _ ~2a 20 _ -4a
V2T 02 " Tdx  yrdx 32y P
( ) 2a<1+4a ) 5 ) 5
= y1(1+y Y\ 52 +4a 2ax+4ax+4a
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. Centre of curvature is <3x + 2a, \76 )

To find evolute eliminate x from X and .

_ yields x-2a
X =3x+2a > X =—— and
. . x—2a\3 .
—2x3/2 yields  _ 4x3 ylelds _ 4 yields _ _
= —= yz = P —>y2 = ¥—> 27ay2 = 4(x - 2a)3 is the

NG
locus of [X, V]
~ Evolute is 27ay? = 4(x — 2a)3.

. 2 2
2. Find evolutes of ellipse = +% = 1.
a b



Sol. The given curve |s = + y—z = 1. Differentiating both sides w.r.t. x, we get

2yy1 1 yields —b2x

a2 pz V1= Ty

d*y d( Zz) —b* (y=xy,) _ -b*
And  y, =5 =—F = — C=5

dx dx a? y? N a’y
2 A2
—_ 1+_
_ yi(1+y? a2y \ " 4,2 x(a*y?+b*x?) xy?  x3b?
X=X — 2171 —y:x——zx———
V2 _TbA‘ a*b? b? at
a~y

a? a* a? at a*
2
2 <1+b—xz> 4.2 14,2 2.3 2
RN €7 ) B G S { o i 0 NN A .5
y - y ¥, - y ,Tb‘} y a2b4 b4 a2
a~y
o 2y3_ 1_y_z __3_a2y3_(b2 a?)y?
- y b4 y b2 - b2 b4 - b4
a?-b*)x3 (b -a?)y3
=~ Centre of curvature is <( 7) ) , ( 7 ) .
a b
2_p2y,3 yields 2_p2),3 yields 372
_ a“—b<)x> yie _ a“—b“)x>Y¥ _ x
x:( a4) ax:( a3) (ax)zz[(az_bZ);]
yields

" @ = @ - b2 (2)

and

_ (bz—az)y3 yieldf _ (bz_az)yS yields _ (bz—az)y3 2
Y =" =by = b3 (by)zz[ ]
yields

S b)? = 07 — a2 (2) S 32 = (a2 - 522 ()

Now (aX)?/3 + (by)?/3 = (a? — b?)?/3 [(5)2 N (z)z]

b

ld
yields (ax)2/3 + (b}—])z/g — (aZ _ b2)2/3

is the locus of [X, V]



- Evolute is (a¥)?/3 + (b7)?/3 = (a? — b?)?/3

3.

If o, p, be the radii of curvature at the extremities of a focal chord of a parabola,

3
.-

2 2 2
where semi latus rectumiis | . Prove that (p,) 3 +(p,) 3 =(l) @
Y2

yz = 4ax Differentiating both sides w.r.t. x, we get

yields 2a yields
2yy1 =4a——y; =

2a yields
= B —— =
V1 ax V1
Again Differentiating both sides w.r.t. x, we get
—Va
Va2 =

3
2x2

xRl

3
o
Therefore p = ~a 7

2x2

3 .
_ —2(xt+a)2 yields 5 4(x+a)d

S (1)

2
Let P(at?,2at ) be any point on one end of focal chord of the parabola then Q(t%’_aj
be the point on other end of focal chord.
2 3
Fromeqn(1) pf _A@t+a)

2

p?=4a® (£ +1),

2

2 _2 2

From eqns (2) and (3), we p, ® + p,° =(2a) 3

4. Find radius of curvature at (r, 0) on the curve r" =a" cosné
Sol.

Taking log on both sides, we get nlogr = nloga + log cos n8
Differentiating both sides w. r. t. 8, we get



ndr —nsinng yields
rdf cosné

r, = —rtannf

Differentiating both sides w. r. t. 8, we get
T, = —1y tannf — rn sec?nf = rtan’nh — rn sec’nd

G ks (r? + r’tan®n6)3/?

p= r2 4212 —rr, T2+ 2r2tan?nd + r2(nsec?nd — tan?nf)

B r3sec3nf
~ r2[1 4 2tan?n@ + (n sec?nf — tan?nb)]

rsec3no rsec3n6 rsecnf a™

[1+ tan’n6 + nsec?nB] [sec?nf +nsec?nf] [1+n] [1+n]r*t

Given parabola y? = 4ax . If P(x,y) be any point on the parabola and S(a,0) is the focus
show that p? varies as (SP)3.

3

.-

SOI p = —(1+yy1)2
2

y? = 4ax Differentiating both sides w.r.t. x, we get

2yy1 =4a—>y; =——y; = — Yy =

y 2vax

Again Differentiating both sides w.r.t. x, we get

yields 2a yields 2a yields ’a

_ —Va
Y2 =3
2x2

3
a\2 3 .
(1+;) _ ~2(x+a)2 yields _ 4(x+a)?

—_‘/35 va a

2x2

Therefore p =

Let P(x,y) be any point on the parabola and S(a,0) is the focus.

Then (SP)=y/(x —a)2 + (y — 0)2 = VxZ + a2 —2ax + 4ax =x + a

ield
5 (5P = (x + 0

3 3
Therefore p? = —4(x:a) = _4(55)



Hence p?varies as (SP)3.

6. Find the radius of curvature of s = a log(secy + tan{) + asecytany

Sol. s = a log(secy + tan ) + asecy tan Y

. . . d
The required radius of curvatureis = p = ﬁ

[secytan P + (secy)?] + a[secy (sech)? + tan i sec P tan Y]

ds a
dy  secy +tan s

ds

_dl,b =asecy + asecy [(secy)? + (tanp)?]
ds
E =asecy [1+ (SeCl,l))Z + (tan 1.[’)2]
ds
ap = @secw [2(secy)?] = 2a(secy)?

7. Find the radius of curvature of x = a(cost + tsint ),y = a(sint -t cost)

dx y

. . d .
Sol. i a(—sint + tcost + sint), e a(cost —cost + tsint)

dx t t 4y tsint
— =atcost ,—-=atsin
dt dt

X _ acost—tsing), Y = a(sint + ¢ cos )
—= = a(cost — tSsin ) — = a(Ssin Cos
dt? dt?

3

dx12 2\2
_x] 4+ ﬂ] )
dt dt

dxd?y dyd?x
dt dt? dtdt?

_ (a2t?):
p= (atcost)(a(sint + tcost)) — (atsint)(a(cost — tsint))
(at)3 a3t3

= = = at
P=02 [(tcost)((sint + tcost) — (tsint)(cost — tsint)] a?t?

Radius of curvature at any point of the given curve = p =

8. Find radius of curvature at origin to the curve y* + x3 + a(x? + y2) —a?y =0
Equation of tangent to the curve at originis —a?y = 0 i.e.y = 0 i.e. x-axis.

2
By Newton’s method p = liIT(l);C—y
xX—

3 3 2 2
Divide the equation by 2y, (y? + ;C—y +a (;C—y + %) - a—) =0

2
Take x = 0 (theny — 0) and ;—y—>p

2 yield
0+0+a(p+0)=a73i§p=%



9. Ifp p, be the radii of curvature at the extremities of the conjugate diameters of the
2 2
eIIipse% + z—z = 1, prove that(p,%/3+p,%/3)(ab)?/® = a* + b?

Solution: Let P(a cos@, b sin 8) be any point on the ellipse. Then the coordinates of the extremity
of the conjugate diameter will be Q (—a siné, b cos 8)

Radius of the curvature of the ellipse at P (x, y) is
3
(a4y2 + b4-x2)5
- a*b*

For p; replace (x, y) by (a cos8, b sin 8)

3
(a*b?sin?0 + b*a%cos?6):
p1 = a4b4
For p, replace (x, y) by (—a sin8, b cos )

3
(a*b?cos?6 + b*a?sin?6)z
P2 = a4.b4,

2 2 a*b?sin?0 + b*a®cos?6 N a*b?cos?0 + b*a?sin?6
3 2 2
a*b?s a*b?s
a® + b?
2
(ab)3

(p12/3+p22/3)(ab)2/3 =a? + b2

2
3

2
3

P13+ P2

10. Find radius of curvature of the curve x = a(6 —sinf), y = a(l — cos9).
Solution: x = a(f —sinf), y =a(l—cosh)
dx

dy
— =a(l — cosf)— = a sinb
ag do

d’x  d%y

02 = smGW = a cosf

e g
de ' de
P = dx d?y d2xdy

de de?  de?de

3
a (2 — 2cos0)2

p= cosf — 1

p = 4asinf /2



11. Show that the ellipse x = acost, y = bsint, a > 0,b > 0 has its largest curvature on the
major axis and smallest curvature on the minor axis.

Solution: x = acost y = bsint
x' = —asint y' =bcost
x"" = —acost y"' =—-bsint
[T
Curvature K= M
(x"2+y'2)2
2v2ab
K= V2a 5
(a%2+b%- (a2+b?%)cos2t)2
(i) K will be maximum when cos 2t is maximum and max cos 2t =1
Cos 2t =cos 0, cos 2n
t=0, T
x=2ay=0
K is maximum at (a, 0) and (-a, 0)
i.e Kis maximum on its major axis
(ii) K will be minimum when cos 2t is minimum and minimum cos 2t =-1
Cos 2t = cosm and cos -Tt
. T T
202

i.e Kis minimum on its minor axis

Definite Integrals

Important Properties of Definite Integrals

i
/ flz)dr =0
1. oa
f
/ ldr = b —a
2. «Ja



b b
/ cflx)dr = f'/ flx)dr
3. Ja Ji

4. Change of variable of integration is immaterial as long as the limits of integration remain the
same, i.e.

b b
[.flﬁ-r'ﬁln’.r:[ ft)dt

5. If the limits are interchanged, i.e. the upper limit becomes the lower limit and vice versa, then

b i
/ flo)dr = — / flr)dr
o i Jh

6. If f is a piecewise continuous function, then the integral is broken at the points of discontinuity
or at the points where the definition of f changes,

b e b
_ / fla)de = / f[.z':]ff.a'—/ fla)dr
... a S Jdi

(I

i
flr)dr = / (flz)+ fl—x))dr
Jo

7. J—i

= 0if f(x)isodd
{1

=2 | flz)drif fix)iseven
Jo

b b
/ fle)dr = / fla+b—x)de
8. Wi o i

Another result that can be derived from this property is

i T
flz)de = | fla —x)dr
Jo Jo

2 a i}
/ flr)dr = / flx)dr + / fl2a — x)dr
9. 0 o <0



=0if f(2a —z) = —f(x)

Q1 Integrate the following integral:

)
A

2 / f(z)dzif f(2a— z) = f(z)



ka| 5

-4 T (1)

1]
i

Q2 Integrate the following integral:

Sifl X COS X

Y ax

Py, . |

cos” x+sin

sin xCcos X
E

e O

Ans. Let ] = ¢

Sifl X COS X

COS X COsXCCos” X
sin® x
1+

i
!

)
= | = Cos X

[Dividing each term by *" ]

tan xsec” x

— i
1+tan® x

[Py S—

= | =

1

2tan xsec” x
S|

1+tan™ x

o Py | 31

Putting tan” x=1

d . .
—|tan x| =

ax

2tan x

ax

— 2tan xsec” xdx=dt

Limits of integration when

cos® x+sin® x

dx

x=0t=tan" x=tan- 0" =0

.T =
and when

5



1|1 dt
|z 2ol+f
1, .

Q3 Integrate the following integral:

i sin’ x dr=

o | =

T g2t
3 g

| ka2

i sin” x dx

Ans. Letl = ¢

i‘%['ﬂ sinx—sin3x) dx

i 3(—cosx)—

= |

(—cos3x |2

T3 )l

—| —3cos .T—l cos3x | )
4 3 Je

3T

| .—BCDSE'FECDS— | —3c050+1m50 : |
| 2 3 L 3 f__I

3 |

- -

1 1 1
—| —3><CI+—><D+3><1——>=:1|
41 3 i ]



Q4 Integrate the following integral:

i— fris
2l +x—nx

Lo

— dx
Ans. Let|= ¢ I+x—x

i. N x+4/x e
s VIt x| (x| |

i—q‘l+x+¢’§ _

ax
l+x—x

1
[{T+x+fx) dx

= |

L 1 L 1
| (1+x)7 de+|(x)? dx

r 371 3+l

((+27) (=7

A N A
3., 3.
E['l'] E['l']

4

(2P -7 |+ 3] (-0

| k2

= | =



4
[[l.‘k’—1| +|J:—2|+|J:— 3|] dx
1

Q5 Integrate the following integral:

4
| ( |J:—1|+|J:— 2|+|."{—3|.:| g
Ans. Letl=1 . (i)

If x—1=0x-2=0.x-3=10

_ x=2.3(14)

2 3 4
[|:._|.'k’—1|+|.T—2|+|.T—3|_] dx+ |.|:-_|.".’—1|+|."{— 2|+|.T—3|_-] dx+ [|:._|l’—1|+|.'l.’—2|+|.1’—3|_.] dx
| =1 2 3

1 3 4
J{(x=10) = (x=2) =(x=3)} @+ | {(x-1)+(x=2)=(x=3)} @+ |{(x-1)+(x=2)+(x-3)} &
1 2 3

4 3 4
[(x—1-x+2-x+3) dx+|(x—1+x-2—-x+3) dx+|(x—1+x-2+x-3) dx
= |=1 3 3

1 3 4
[(4—x) de+|(x) dx+|(3x—6) dx
= |=1 2 3

- 4

—6x |

| x| | x° | '3.";"
de— + = 4+ =
20 12 .

i i
— .'\.‘_ __.' 1

=2

4 27
——+(24-24) =18

2 )

b | O

(8-2)-| 4-5 |+

ba | =
" y,

= | =



Q6: Integrate the following integral:

1
r . _ . i
| sin Yxde=2-1
- 2
L
| sin”’ x dx
Ans. Letl = ¢

Putting *=sin®

= dx=cosf df
g-=
=0.6=0 gnd when *=1Lsin€=1 ;¢ 2

Limits of integration when-
L
| sin” x dx

1
|Scns€d€

[65in 6T [ 1.sin 8 46

[Integrating by parts]

() z
. :\ME—UJ+[CDSI_‘L}']£

i :—r :
+ CDS?—CDSU |

T
2



T (0-1) -1

|

Improper Integral

An improper integral is a definite integral that has either or both limits infinite or an integrand that
approaches infinity at one or more points in the range of integration.

For the existence of Riemann integral (definite integral) Ro f (x)dx, we require

that the limit of integration a and b are finite and function f (x) is bounded.

In case

(i) limit of integration a or b or both become infinite (improper integral of
first kind),

(ii) integrand f (x) has singular points (discontinuity) i.e. f (x) becomes
infinite at some points in the interval a < x < b (improper integral of second
kind),

0 dx

Problem 1: Evaluate the integraljl z

Solution:
o dr ‘ Nodx
jl F - P-%E]co.[l ?
oL
= e
= lim ! — !
N—oo 4N4 4(17%
1



Problem2 : Evaluate the integral

. &

Solution:

J‘DC‘ dx _ jN dz
2 3+ Moo J 2 (3+ z)®

50

Problem3 : Evaluate the integral

5
e **dx
-1

Solution:

= g oy
e "*dr = lim e “Cdx
-1 N—eoao J—1

Problem 4: Evaluate the integral

4] 32
. Te °° dr

Solution:



oo M
Gt . —St
j ze % dr = lim ze o dx

] N—oa ]
Substitution,
w o= —3z°
du = —fOzdx
Hence,
—1
IEE—sz dr = j?e”du
— _1 i
- & °
-1
= 5
Hence,
N _ N
lim ze 3 gg = lim L3
N—oo J0 N—oo § 0
‘ o —3 5 —3(0)2
= Al T
B 1
B
Problem 5: Evaluate the integral
J‘m dz
5 x40
Solution:
oo dg ) N dz
5 = |lim
3 ¢4+ 9 N—ooo J3 22 + 9
| 1 ; I:'I)N
R T P
1 N 1 J
= | —arctanl —) — —arctan(—
Jim = aro an( 3) 3 arcG an[g)
. 1 T
3 9 12
T



Problem 6: Evaluate the integral

0
f 952 d o
Solution:
0 0
I 9% Jx = 1imj 9% d o
—oo MN—oa ) —jF
1 25m 0
N NE]DO gln L
550 25(—?-.?:1
~ Fln 2 HNowecbln g
B 1
"~ 5ln &

Problem 7: Evaluate the integral

J‘m rdx
1 (:.524- 5)3

Solution:
jm T dz ' IN T dz
1 (z245)% oo J1 (224 5)°
1 N
= i
oo 4[24 B)
¥ —1 —1
= 1m —
N—co 4(N°4+5)%  4(1°+5)?
1
144

Problem 8 : Evaluate the integral

J'm dz
—00 25 —+ 45..'"2



Solution:

J"x‘ dar J"x‘ d
05+ dz2 T 4o 351 42

_ 9y IN dx

T oo JO 254 422

— 9 lim arctan(zﬁ—mj N
M—rea 10 0

— 5 lim arctan () B arctan( 0 )
N—oo 10 10

o

10

Problem 9: Evaluate the integral

J'm dz
—0a 25 + 45..'"2

Solution:

J'm o J"x‘ s
w0 TErdz? T 4)y 4zl

— o1 IN a
T e J 0 ZE 1 442

N

0

— 9 lim arctan(zﬁ—m)
N—roo 10

— 9l arctan(%‘r} B arctan( ) }

N—oo 10 10

Kis

1



Gamma function
Gamma function is defined as I'(n) = fooo x"te *dx
Q1lProvelI'(1) =1

Sol.T'(n) = fooo x™ e *dx

o oo %) —x ,©

e
~T() =.f x1 le™*dx =f x%e *dx =f e Xdx = |—
0 0 0

|, =€’ e =10
=1

0

Beta function.
Beta function is defined as f(m,n) = fol x™ (1 — x)" Ldx
Q1 Write recurrence relation of Gamma function.
So. Tm)=(n—-—1DI'n—-1)
Q2 Provel'(n) = (n —1)!

Proof: Using recurrence relation of Gamma function,

F() = (n— DI — 1) 225 1) = (n = D[(n = 2)F(n — 2)]

yields
—>T(m) = (-1 -2)[(n-3)I(n-3)]

yields
T ST() =m—Dmn=2)1n=3) ... 1r(1)

=n-1)Mn-2)(n—-3)......1.1=((n-1)!
Q3 Write relationship between Beta and Gamma functions.

r(m)r(n)
Sol. pB(m,n) = %

o x1

Q4 Prove f(m,n) = [ i



_ (Y. m-171 _ ., \n-1 _ 1 ylelds
Sol. B(m,n) = fo x™ 11— x)" ldx Put x = TR dx =
(1+y)?

0

~Bomm =~ [ (%y)’”‘ (1- 1;”)“‘ ﬂ%

0
yields 1 yn—l dy
— B(m,n) = - m—1 n—1 2
QI+y)™ 1A +y)" 1 (1+y)
o n-—1
= | ey
o (1+y)
n-—1

Replacing y by x, we get B(m,n) = [ —

0 (1 +x)m+n

) f \/EF%
Q4 Prove that 3
V1i— x 4FZ

Putting x*=t the integral become

1

1
J J e t)%_ldt
— X4
0 0




Applications of Definite Integral to Evaluate Surface Areas and Volume of
Revolutions

1. Length of curve in Cartesian form

2
e If the equation of curve is y = f(x), length of arc of the curve is f: 1+ (%) dx

2
e If the equation of curve is x = g(y), length of arc of the curve is f; 1+ (Z—D dy
[ )

2. Length of curve in Polar form

2
If the equation of curve is r= f(8), length of arc of the curve is ff r2 + (Z—;) do

3. Length of curve in Parametric form
If the equations of curveare  x = f(t) and y = g(t), length of arc of the curve is

(&) +(2) a

4. Area under the curve
e Area bounded by the curve y = f(x),x = a,x = b and x — axis is f:lf(x)l dx
e Area bounded by the curve x = g(y),y = a,y = b and y — axis is f:lg(y)l dy
e Areabounded bythecurvey = f(x),y =gx),x=a,x=b is fflf(x) —g()| dx
e If the curve is in parametric form, area is ff x% dt

5. Volume of revolution
e Volume obtained by revolution of curve y = f(x)bounded by x = a,x = b about

X — axis is f; y?dx
e Volume obtained by revolution of curve x = f(y)bounded by y = a,y = b about
y — axis is f; x?dy
e Volume obtained by revolution of curve y = f(x)bounded by x = a,x = b about a
line y=p is ff m(y — p)?dx
e Volume obtained by revolution of curve x = f(y)bounded by y =a,y =b abouta
line x =q is ffn(x —q)*dy
6. Centre of gravity
e Centre of gravity of a uniform plane curve is

b _ds b _ds

[ x—dx [ y=—dx
>y — -a_dx 5 — 24 dx
X =" pds andy = bds
adx adx

e Centre of gravity of a uniform plane area is
_ ffxydx _
X = Zp——andy = —5——

J, ydx J, ydx



e Centre of gravity of a volume of the solid of revolution about
X — axisis

_ f:xyzdx
X = 4—
fa y2dx
e Centre of gravity of a surface area of the solid of revolution about x — axis is
[ xySdx _
i and y=0
I Yadx

e Centre of gravity of a sectorial area subtending an angle 8 rt the centreis ix =

B2 3 B2 3 .
Jo 37° cos0do Jo 577 sin0de

andy =0

and y =

ffere fferG
1. Rectify the curve x = a cos3t, y=a sin3t
Sol. = a cos3t, y = asin3t
d . d .
& — _3asint cos?t , 2 = 3acost sin’t
dt dt

dx\? dy\? 2 2fain? 2 2 2 24 cin2
(E) +(E) = 9a“cos*tsin“t (sin“t + cos“t) =9a“cos*t sin“t

n P P n
Length of whole curve is =4 [ (%) + (%) dt = 12a [2costsint dt

=6a fogsin 2t dt=6a

2.Find the area between the curve y?(2a — x) = x3 and its asymptote.

Sol. The given curve is symmetrical about x-axis and passes through (0, 0). Asymptote
parallel to y-axis is given by Coefficient (y?) = 0i.e. 2a-x=0 i.e. x=2a is the

/
asymptote parallel to y-axis.

3
Required area =2 fozaydx = Zfoza\/%

X =

yields

Put x = 2a sin’6 —— dx = 4asinf cos O d6

yields yields T
x=0— 6 =0 andx=2a—>9=5




3
. _ Z (2a)2sin36(4asind cos 6 d6) _ 2 (% . 4 _ 2 (3*1\ 1
Required area = 2 [2 o050 =16a? [2sin*0d6 = 16a (4*2)2

= 3ma?

3. Find the volume of the solid generated by revolution of the curve r =a ( 1+ cos 8) about initial

line.

Sol. Required volume = fozayzdx
Change x,y to polar coordinates.
Putx=rcosfandy=rsin@
Thereforex=a(1+cos ) cos@ andy=a (1+cos@)sinf

dx=a[-sinfcosB-sinf-sinfB cosB]dB =al-2sinfB cosB-sinf]db

yields yields
X=0——0 =0 and x=2a—0=m

Volume = nf: a?(1+ cos 0)?sin?0 a(— sin® — 2 sin 6 cos 6)d 0

s
= —ma3 f(l + cos 8)%sin30 (1 + 2cos 6)d 6
0

Vs

7] 6 7] 6

— _ 3 47932 37 27

Ta f4cos 28sm 2cos 2<1+2(2cos > 1))d9
0

Put g= @, Therefored 6 = 2d®

Hence Volume == — mra® [2 32 cos” @sin®@(4cos*@ — 1)2d0

3 2
= —2ma’ 128]cosg®sin3® do — 32jcos7®sin3¢ do
0 0

= o [as(f) -2 (2]

4.Find moment of inertia of one loop of lemniscatesr? = a? cos 26 about initial line.

Sol. Let M be the mass and p, the density of one loop of the leminscate r? =a? cos 2 6.



For the loop, 8 varies from -% to g and r varies from 0to a®+cos2 8

2,aVcos2 6

M=f§f0a coszeprdrdg _
4

T
_P (s 2
71y _zf'T”a cos 26 do
Ly f%COSZQdQ L
2 "7TY0 2
M.l. about initial line is given by,

=[[py?dxdy = [[pr?sin?6.r.drdo

_ 7 ravcos28 . 5, 3 _ E P L
= [ psin?fridrde = [Lpsin?6[5| do

4

-p—f“nsm fcos? 20 do= 2 2f4sm Hcos? 20 dO
= @ (25in22cos2 L _9
=p fozsm ~cos?>-dd, where 8 ="

=p: JZ (1 Cosm) os® ¢ do = pTa‘LfOE(cos2 @ — cos® @) do

_pa*l = 2]

4
. P2 (3n-8)
8 2 2 3 96

-8)

5.Find length of any arc of the curve r = asin? g

: . .0
Sol. Thegivencurveisr =a (smz)2

ar 6 61 6 6
NOWE—ZG sm cos———asm COS—

2
Thus, Length of any arc = f91 r2 + (dg)2 do = f:lz Jaz (sing)4 + a2(cos g) (sing)2 de

2 2
= af:lz \/(sing) + (cosg) .sing do = af:f sing do



62
cos

[Z]
> 62 61 01 62
=a|—— = —2a|cos— — cos—| = 2a | cos— — cos—
o1 2 2 2 2

2

6.Findcentre of gravity of a plate whose density p(x, ¥) is constant and is bounded by the curves
y =x2 and y = x + 2. Also find moment of inertia about x-axis.

Sol. y = x? is an upward parabola with vertex as origin and intersects the line y = x + 2 at the points

(-1,1) and (2,4).

v

\ 4
2 +2

J2, 05 xp dy ax
2 X+2

/%

Given the density p is constant then the C.G. of the areais X =
fxz p dy dx

f_zlx ()5 dx f_zlx (x +2—x?)dx f_zl(x2 +2x — x3) dx
Lorae [P a+2-a)a G0z,

x3 x5
G+x* -4

1
2

N o] o

9
2

Now for moment of inertia, Let M be the mass of the arc then

2 rx+2 9,0
M=f f pdydx =—
-1 /x2 2



Orpz%

x+2

3
So, M.I. about x-axis of the arc = f Jo2 “py*dydx =p f_zl(y?);c;z dx

2
gf_l((x +2)%— (x2)3) dx

2 2
=—7f (x3+8+ 6x% + 12x — x%) dx
-1

oM 4+8 e , _2M 1273 _1273M
=57 (g +8x+20° +6x* )1_27 28 378

7.Find the moment of inertia of one loop of the leminscate r?= a? cos 2 6.about the initial line.

Sol. Let M be the mass and p, the density of one loop of the leminscate r*> = a% cos 2 6.

For the loop, 8 varies from —% to % and r varies from 0to a’+/cos2 8

7219 cos2 6

:l*-lﬁl

M= [2 [V prdr dg = f4 do =2 [%a% cos 20 do
4 4
_pa’ 2 f% 26 do _pa?
==-.2. [3cos ==
M.I. about initial line is given by,
=[[py?dxdy = [[pr?sin?6.r.drdo
T a 4
=f§f0a €052 5 sin@r3drde = J&p sinze[%] de
4 4
f“ sin® Ocos? 20 d= 2 2f4sm Hcos? 20 db
= @ (25in2®cos2 L _?
=p fozsm ~cos?~—d¢, where 0=
57 () cos? 00 - - cos” ) do

:Pa4[i.z_ Z] = pg—C:(E;r[—S)
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(3m-28)



