December 2019 CSE/IT (BTAM104-18) Maths-1 Paper Solution

Section-A

Soll. f(x)=2+(x— 1)2, x € [0, 2]
f'(x) = %(x — 1)_?1 does not exist for
x =1in(0,2).
Therefore f(x) is not differentiable for all
x € (0,2)
= Rolle’s theorem is not applicable to
fF) =2+ (x—1)3, x€[0,2]

Sol 2. Beta function:

B(m,n) = [ x™ (1 — 0" dx

. Xcosx—sinx . Xxcosx—sinx . XxXcosx-—sinx
Sol 3.11m—=11me)=1 xeosx—smx

x—>0 x2sinx x—0 x3( x—0 x3

(because lim (Sinx) =1)

X
It isg form. So applying L’Hospital’s rule, we get

lim cosSx—xsinx—cosx —xsinx —sinx

> = lim -— = lim
x—-0 3x x-0 3x x—-0 3x

It isg form. So applying L’Hospital’s rule, we get

lim —cosx _ -1
x—0
sol4.civen [F17 7= 3 %l



yields yields
—x+3=0—>x=-3

yields 1 1
2y+x=—7—>y=§(—7—x)=§(—7+3)=—2

yields
z—1=3——>2z=4

yields yields
4a—6=2a—2a=6—"a =3

Hencethe solution is

x=-3,y=—-2,z=4,a =3

solsa=[", 7]

Cofactors of elements a;; in A are
¢ = (=DH0) =0
¢ = (=12 (=2) =2
¢ = (DD =1
c = (=12 (1) =1

Cofactor matrix of A is [(1) ﬂ

ragja=[0 3 =[9 Y

Sol 6. Let V(F) beavector space. An ordered set B = {v1, V2, . . ., vV} Of vectors
inV iscalled abasisfor V if

(d)B isalinearly independent set, and
(b) BspansV,thatis, V = Linear Span {vi, v, ..., Vp} i.e. every element
of V isexpressible asalinear combination of e ements of B.



Sol 7. Rank Nullity Theorem or Sylvester’s Law of Nullity

Let V(F) and W(F) be two vector spacesand T:V — W be alinear
transformation. If V is of dimension n, then

Rank(T) + Nullity(T) = dim(V)
i.e. p(T)+v(T) =n

Sol 8. Two properties of Eigen Values are:

(i)  Atleast one Eigen Value of every singular matrix is zero.
(i) A square matrix ‘A’ and its transpose have the same set of Eigen values.

Sol 9. Symmetric matrix: A square matrix is called symmetric matrix if A = AT

i.e.al-j = aji
1 2 3
eg. A=|2 5 6
3 6 7
1 2 3
Then AT =|2 5 6
3 6 7

Hence A = AT. - A is symmetric matrix.

Sol10. Let 4 = [3 %

Trace of given matrix A is= sum of diagonal matrix =2+3=5
Since sum of latent roots of a matrix is equal to trace of that matrix, therefore

sum of latent roots given matrix A =5
Now [Al=6—-2=4

Since product of latent roots of amatrix is equal to determinant of that
matrix, therefore

product of latent roots given matrix A =4



Section-B

Sol 11 (a) Here f(x) = sin"1x

f(0)=sin"0=0

1 1
FO == FO=-F="
wen . —(=2x) x £7(0)=0
f (x)_Z(l—x2)3/2_(1—x2)3/2
2 2 § A2 (_ " _ 1 —
(A= x5 —xg V1= (20 | 7(0) = gy = 1

f"(x) = 1= x2)
1 —x? + 3x? 14 2x?

- (1 — x2)5/2 o (1 — x2)5/2

By Maclaurin’s series

2 3
FG) = £(0) +xf7(0) + 5 £ (0) + 5 £(0) + -~

2 3

3

X X X
sinlx =0+ x(1) +?(0) +§(1)+~- =x+——+-

Sol 11 (b) lim ("Z:ax

x—a \x*—a?

3!

) It is g form. Applying L'Hospital’s rule

lim
x—a

ax® ! —a*loga
x*(1+1logx)—0




ylelds yields 1 gy yields gy
(Because lety =x* ——logy = xlogx —>;d— =(1+logx) — = =y(1+ logx))

yields
—>ﬂ = x*(1 + log x)

3 aa® 1 —a%loga B (aa —a? loga> _a%(l—-loga) (1-loga)
~\ a®(1+1loga) / \a%(1+loga)) a%(1+loga) (1+loga)

yields yields dz yields dz
Putx* = z—— 4x3dx = dz——dx = S ——dx =

yields yields
Asx =0——z=0 and as x=1—2z=1

.t _ —3/4 -1/2 4. 1 11
== = = 1y 27— ) l2dz=1p(%,3)

) F(l)r(l) _ F(m)l"(n)
41‘(1—5 (because [)’(m, n) © I'(m+n) )

= %F(E)(g)(i) — ir(ri()zﬁ (because r G) = \/E)

I
w
N—

\/—
\/—T[/F




[(m)r (m +2) =

Vr

22m—1

/because by Rodrigue’s Duplication formula

I'(2m)

\

Ler()r() =250 6)

ie.T(3)r (%) =van

i.e.I‘G)FG)z%

N———

2

V2

8Vm

()

Sol 12 (b). Given f(x,y) = 2(x% — y2) — x* + y*

OF _ 4y — 443 of _ _ 3

ax—4x 4x>and 3y 4y + 4y

o O 4 492 _ 9% _ _ 2 _ 0%f _

..r—ax2—4 12x° t_ayz_ 4+ 12y~, S_axay_
rt—s?=(4—-12x*)(—4+12y%) — 0 = (4 — 12x%)(—4 + 12y?)
0 0 eld
—f=0 and —f=OJLS>4x—4x3=O and 4y —4y3 =0
d0x ady

yields
—4x(1—x%)=0 and 4y(1—-y?)=0

yields
—x=0,t1landy=0,+1

~ (0,0), (1,0),(—-1,0),(0,1),(0,-1), (-1,-1), (-1,1), (1,—-1) and (1,1)
are the stationary points of f(x,y)

M axima or
Minima

Point r rt—s

<0 Neither
maxima nor

minima

(0,0)




(1,0) =-8<0 >0 Maxima
(—1,0) =-8<0 >0 Maxima
(0,1) =4>0 >0 Minima
(0,—-1) =4>0 >0 Minima
(—-1,—-1) <0 Nether
maxima nor
minima
(—-1,1) <0 Nether
maxima nor
minima
(1,-1) <0 Nether
maxima nor
minima
(1,1) <0 Neither
maxima nor
minima

So minimaexistsat (0,1) and (0, —1)

and maximaexist at (1,0) and (—1,0)

Minimum valueis £(0,1) = 2(0% — 1?) — 0* + 1* = —1

and f(0,—1)=2(0*—-(-1)?)—-0*+(-D*=-1

Maximum Valueis £(1,0) = 2(12 - 0%) —1*+ 0* =1

And F(=1,0) = 2((-1)2 = 0%) — (-1)* + 0* = 1

Sal 13 (a).

1+a
1 1+b

1

1+c

(Taking out a, b,c common from R, R, and R; respectively)




1
—+1 1 1
a
yields b 1 1 . 1
—— abc| - —+ —
b b b
1 1 1
— — -+1
c c c
(Operating Ry = Ry + R, + R3)
1 1 1 1 1 1 1 1 1
1+—+—+— 1+—+—+- 1+—4—+-
a b c a b a b c
yields b 1 1 , 1
—— abc — —+ —
b b b
1 1 1
— — -+1
c c c
. 1.1 1
(Taklngout(1+a+g+;) common fromR; )
1 1 1
yields 1 1 1 l 1+1 l
—>abc<1 +—+—+—> b b b
a b C 1 1 1
— — -+1
c c c

(Operating C, » C, — C; and C3 —» C3 — C;)

yields 1 1 1
—>abc<1 +—+—+—>
a b c

A RS R

(Expanding determinant w.r.t. R;)

yields 1 1 1
—>abc<1 +—+—+—) 1)
a b c

1 1 1
=abc<1+—+—+—>
a b c

Sol 13 (b) Givenequationsare x + y+z =1, x + 2y + 3z = 6,




x+3y+4z =06
By Cramer’s rule

1 1 1
1 2 3
1 3 4

Here A=—-1 # 0

A= =1(8-9)—-1(4-3)+13-2)=-1-1+1=-1

~System has unique solution.

11 1
A=]6 2 3]=18-9)—1(24—-18)+1(18-12)=-1—-6+6
6 3 4
=—1
11 1
A=1 6 3|=124-18)—-1(4-3)+1(6-6)=6—-1+0=5
1 6 4
1 1 1
A=|1 2 6/=1(12-18)-1(6-6)+13-2)=-6—-0+1=-5
1 3 6

~.System has unique many solution.

—Al—_l—l _Az_ _ 5 _ 3__5_5
PTAT T YT AT T T T A T
2 1 1
Sol14(a). |2 0 —1|=200+2)—-1Q+4H)+1(4—-0)=4—6+
4 2 1
4=2%0

~ Vectors linearly independent.



_1 3 7 =
3 7 1 R,—»R,—3R 5 5
5 3 7 R _)ﬂ 1 2 z 2_) 2_ 1 5 5
SoI14(b)[3 26 2]: 3 26 3 SRR % _Tll
7 2 10 7 2 10 g -1 1
| 5 5 _
_1 3 7 I 3 7
5 5 1 = =
Ry—11R, 121  —11|Rs=Rs+Rs 5 5
—0 = =1, 121 —11
~121 11 ) g (5)
5 5 |

Since Echelon form contains two non-zero rows, so rank of given matrix is 2.

2 0 -1
Soll15. A=1|5 1 0
0O 1 3
Characteristic equationof Ais|A —al| =0
yieldsz_a 0 -1
— | 5 l1—«a 0 |=0
0 1 3—«
yields l1—a 0 5 1—a|_
et 7e 0 [-om1ff 1=
yields
— 22—l —-a)3—-a)—5=0
yields
— (@?-3a+2)3—-a)—-5=0
jeld
30— 9a+6—a®+3a®>—2a—5=0
jeld
@ +6a?—1la+1=0
yields

— a3 — 6a® + 11a — 1 = 0 isthe characteristic equation of matrix A.



Since Cayley Hamilton theorem states that every square matrix satisfies
its own characteristic equation, therefore A satisfies the equation

Alternate M ethod

L.H.S.=A%=

A3 =A%A=

—6 + 11

A3 —64A°+114—-1=0
—-171[2 0 -1 -1 -5
0”51 ] [15 1 _5]
3110 1
-1 =512 O —1 —6 —19
1 =5[|5 1 —4 —30
4 9110 1 30 13
Hence A3 — 642 + 114 — 1
3 -6 -—19 4 -1 -5 —1 0
=135 —4 =30 15 1 -5 5 1 1
30 13 22 5 4 9 0
3—24+22-1 —-6+4+6+0—-0 -194+30—-11- 0 0 O
=[35—90+55—0 —4-6+11—-1 -30+4+304+0-— 0] [0 0 O]
30-304+0-0 13—-24+4+11-0 22-54+433-1 0 0 O
= R.H.S.
Therefore A satisfies the equation

A3 —6A°+11A—-1=0

Sol16. Let [Z] €R? be an arbitrary vector. Since Y = {(1,0), (0,1)}" is an

. a . . .
ordered basis of R?, so [b] can be expressed as a linear combination of

elements {(1,0), (0,1)}

(] alg [0 ] = ) = ot -

Hence [Z =a [(1)] +b [(1)]
X

_[xtYy
Now T[)Z/ _[x—z




1
7o =[50 =[] =1[g]+o[)] - @
1
T(1)=1i(1)=[ﬂ=2[(1)]+1[2] ........... 3)
0
aE =03 =11] =[]+ D)) o (4)

From (2), (3) and (4), required matrix representation of T is [(1) i _11]

Sol 17(a). Orthogonal matrix: A square matrix A is said to be orthogonal if

AAT = ATA = 1.
4 2 1
Let A=16 3 4
2 1 0
4 6 2
Then AT =2 3 1
1 4 0
4 2 1114 6 2
Now AAT =6 3 4|[|2 3 1|=
2 1 0111 4 O
16+4+1 244+6+4 8+ 2 21 34 10
24+6+4 364+9+16 12+ 3|=1|34 61 15| +1
8+ 2 12+ 3 4 + 1 10 15 5

Hence given matrix A is not an orthogonal matrix.



1 2 3
Sol17 (b)LetA = [4 5 6]
7 -8 9
1 4 7
~AT =2 5 —8]
36 9
1 11 2 31 11 4 71 1[2 6 10
E(A+AT)=E[4 5 6[+5|2 5 —8]=§[6 10 —2]
7 -8 9 3 6 9 10 —2 18
1 3 5
=[3 : _1]
5 -1 9
) - 1 3 571 11 3 5 )
Now [5(A+AT)] =[3 5 —1] =[3 5 —1]=5(A+AT)
5 -1 9 5 -1 9

Hence % (A + AT) is a symmetric matrix.

1 11 2 31 ¢[1 4 71 1[0 -2 -4
—(A—AT)=—[4 5 6]——[2 5 —8]=—[2 0 14]

2 217 g8 9| %l3 6 ol 2la —124 o
0 —1 —2
-1 o 7
2 -7 0
; [0 -1 =217 10 1 2 0 -1 -2
1 T
Now[E(A—A)]=1 o 7| =|-1 0 =7|==]1 o 7
2 -7 0 2 7 0 2 -7 0

—2(A-4AD)
2
Hence %(A — A7) is a skew-symmetric matrix.

Since A =%(A+AT)+%(A—AT)

1 2 3 1 3 5 0 -1 -2
~14 5 6[=|3 5 -—-1|+|1 O 7
7 —8 9 5 -1 9 2 =7 0




Is representation of given matrix as the sum of a symmetric matrix and a skew-
symmetric matrix.

-1 2 =2
Sol18.A=| 1 2 1
-1 -1 0
Characterigtic equation of Ais|A —al| =0
yielgs |1 —a 2 —2
— 1 2—a 1[=0
—1 -1 -
yields

— (-1—-)[-2a+a?+1]-2(-a+1)=2[-1+2—a] =0

yields
— s 2a—a’*—1+2a’°—a?—a+2a—-2—-2+2a=0

yields
— —a®*+a?+5a—-5=0

1d 1d
}Boﬁ —a?—5a+5= O}LS o = 1,v/5,—/5 are Eigen values of
given matrix.
X
Let X, = H be the Eigen vector of A corresponding to Eigen value a = 1.
Z
v [A—allX; = O—> [A—(DI]X; =0
yields —2
—
-1
yields

— —2x+2y—2z=0, x+y+z2=0, x—-y—z=0

yields
—Xx—-y+z=0, X+y+z=0



Fromfirst two equations,

X y 7z y1elds X _y yields ¢ y

_ _ _ _Z _ _Z
-1 171171 -1 27072 AT o1
1 1 1 1 1 1
~ X;=|0 ]or [ 0 ] IS the Eigen vector of A corresponding to Eigen
valuea = 1.
X
Let X, = H be the Eigen vector of A corresponding to Eigen value a =
Z
V5.
1d
2 A= o]X, = 0225 [A — (VE)I|X,
yields -1-+5 2 =2 0
=0— 1 2-+5 1 =
—1 —1
1d
S (~1=VB)x+2y—-22=0, x+(2—=VB)y +z=0, —x—y —
\V5z =0

From last two equationsi.e.

x+(2—\/§)y+z=0, X+y+\/§z=0,

we get
X _ y _ Z
" (2-v5) 1 1 171 (2-5)
1 vE V81 o1 1
y1elds X y _ Z
25-5-1 1-+5 1-2++5
yields X _ y _ Z
"2V5-6 1-+v5 —-1++5
ylelds X y Z

"2V546 —-14v5 1-+5



yields X Yy
‘V5-1 1 -1
V5 -1
o X, = 1 is the Eigen vector of A corresponding to Eigen value
—1
o = /5.

X
Let X; = H be the Eigen vector of A corresponding to Eigen value a =

Z
—5.
o [A—allXs = 0155 [A - (—V5)1]X3

vielas |1 V52 =2|xq [0
=0— 1 245 1 =10

-1 -1 V5
yields

— (-1+V5)x+2y—2z=0, x+(2+V5)y+z=0, —x—y+
V52 =0

Fromfirst two equations,

Z 0

X y Z
(2+2\/§) 12 _12 (_1:\@) (_1?@) (zi@
yields\; X _ y _ Z
6+2V5 —1-v5 1++5
yield§ X y Z

,(1+\/§)2=—(1+\/§)=1+\/§



yields X y

(1+v5) -1 1

1++/5
Xy = -1 Isthe Eigen vector of A corresponding to Eigen value
1
o = —/5.
1 V5-1 1++5
~ Modal Matrix P = [ 0 1 -1
—1 —1 1
1 v5-1 1++5
IPl=10 1 -1
-1 -1 1

=11-1)-0(V5-1+14+V5)-1(-V5+1—-1-+5)
=0—-0+2V5=2V5#0.

Hence vectors are linearly independent and the given matrix is

Diagonalizable.
¢ = (=DM _11 _11 =0
12 = (D' _01 _11 =1
13 = (=D'? _01 _11 =1

Cpy = (_1)2+1 \/E_I 1 1 +1\/§ — _2\/5

Cop = (—1)2+2 _11 1 +1\/§ =2++5

Cp3 = (—1)%*3 _11 \/g_; Il =» —+/5




031=(—1)3+1 V5—1 1++/5 — 25

P—l

C3p = (—1)3+2

1 -1

1 1++5|_¢
0 -1

€33 = (—1)3+3 1 V5-1 —1

0 1
0 1 1 1F
~adj.P=|-2v5 245 2-+5
—2/5 1 1
0 —-2v5 =25
=11 2++v5 1
1 2—+5 1
1 0 -2v5 -2V5
—adj.P=——=[1 2++/5 1
P 2
1P \/51 2—5 1

Diagonal Matrix =D = P~1AP

PN

1
NG

]

1

0

0

-2v5 —25[— —2” \/_ 1 1+\/—
1 —1

—2v5

2+/5
0

0

1 2445
1 2-4/5

1
PN

1 2+v5 1
1 2-v5 1

—2v5]| !
1 |]o

O

1 2+45

(1+2+2-+5) (—1—2—2—\/3)
(V5-1+2-1) (V5+1-2+1)
(—V5+1-1) (—V5-1+1)

1 {lo 5 5

0 —-2v5 —2x/§”1 5—-+/5 —5—x/j

1 2—-4/5
~10+ 10

1 Il =5 —/5

(5-V5+2V5+5—-+5) (-5-v5+2V5+5—+75)
(5-V5+2V5-5-+5) (-5-v5+2V5-5—+/5)

—10+ 10 ]

|



5 0
10
0

:

1
24/5



